A one-dimensional model of magnetic relaxation in a pressureless low-resistivity plasma is considered. The initial two-component magnetic field b(x, t) is strongly helical, with non-uniform helicity density. The magnetic pressure gradient drives a velocity field that is dissipated by viscosity. Relaxation occurs in two phases. The first is a rapid initial phase in which the magnetic energy drops sharply and the magnetic pressure becomes approximately uniform; the helicity density is redistributed during this phase but remains non-uniform, and although the total helicity remains relatively constant, a Taylor state is not established. The second phase is one of slow diffusion, in which the velocity is weak, though still driven by persistent weak non-uniformity of magnetic pressure; during this phase, magnetic energy and helicity decay slowly and at constant ratio through the combined effects of pressure equalisation and finite resistivity. The density field, initially uniform, develops rapidly (in association with the magnetic field) during the initial phase, and continues to evolve, developing sharp maxima, throughout the diffusive stage. Finally it is proved that, if the resistivity is zero, the spatial mean (b · ∇ × b)/b 2 is an invariant of the governing one-dimensional induction equation.
Introduction
The process of magnetic relaxation in a low-resistivity plasma was envisaged by Woltjer (1958) , who showed that, under certain circumstances, minimisation of energy subject to the single constraint of invariance of total magnetic helicity leads to a forcefree equilibrium, in which current j and magnetic field B satisfy the Beltrami relation † j = ∇ × B = α 0 B, (1.1) where α 0 is a constant. It was subsequently recognised (Moffatt 1969 ) that there is a whole family of helicity invariants
being a slowly decaying magnetostatic (rather than force-free) equilibrium. This is consistent with the scenario developed by Moffatt (1985) , but with the incorporation of weak magnetic diffusion effects that are responsible for changes in the magnetic field topology and ultimate slow decay. For general background concerning plasma physics in relation to tokamak reactor design, we may refer to the recent article by Freidberg, Mangiarotti & Minervini (2015) , where some outstanding challenges are presented.
One-dimensional relaxation in a pressureless plasma
Suppose that a low-resistivity, low-density plasma is contained between two perfectly conducting planes x = ±πL. Suppose that, at time t = 0, the plasma has uniform density ρ 0 , and is at rest and permeated by a two-component magnetic field,
where B 0 is a representative value of |B(x, 0)|. The B-lines are rectilinear and lie in planes x = const., the magnitude and direction of B being dependent on x. The associated current is 2) and the Lorentz force is j(x, 0) × B(x, 0) = (−dp M0 /dx, 0, 0), (2.3)
where p M0 (x) = B 2 /2 is the magnetic pressure distribution. The electric field is E = η j, where η is the magnetic resistivity of the plasma, assumed small; and since E y and E z must be zero at the perfectly conducting boundaries, it follows that b y0 (±πL) = b z0 (±πL) = 0, (2.4) conditions that we shall assume to persist for all t > 0. We further assume that the density of the plasma is so low that its pressure is negligible compared with the magnetic pressure (the 'low-β' approximation). For t > 0, the plasma flows in response to the magnetic pressure with velocity u(x, t) = [u(x, t), 0, 0], with u(±πL, t) = 0.
(2.5)
The electric field E(x, t) in the plasma is then given by Ohm's law, 6) and the magnetic field B(x, t) with components [0, b y (x, t), b z (x, t)] evolves for t > 0 according to the induction equation
with components
We note that, together with the boundary conditions (2.4) and (2.5), these equations imply that , (2.9a,b) i.e. the flux vector (0, Φ y , Φ z ) is constant, being trapped between the perfectly conducting boundaries. We may choose the axes Oyz so that Φ y = 0. Flux conservation then implies that, whatever the initial field b 0 may be, the long-term asymptotic state is just the uniform field
Following Bajer & Moffatt (2013) , we adopt a viscous model for the relaxation process, with an effective viscosity µ; then u and ρ evolve according to the onedimensional equations 11a,b) where
We note that, for this geometry, (2.7) and (2.11b) may be combined to give 12) where D/Dt is the Lagrangian derivative following a material element of fluid. As explained in the introduction, a primary aim of this paper is to explore the extent to which the Taylor conjecture is valid for the model under consideration. That is, is the global helicity the only relevant invariant during relaxation to a minimum energy state? And does the field relax to a 'Taylor state' in which the Beltrami condition (1.1) is satisfied? For this purpose we need to introduce a vector potential
It is evident that any vector potential of this kind satisfies ∇ · A = 0. We may further pin down the gauge of A so that a y (0, t) = a z (0, t) = 0. Since from (2.6), E has no x component, we may assume that E = −∂A/∂t, so that A then satisfies the equation
(2.14)
With u × B = (0, −ub z , ub y ), we then have 15a,b) or equivalently DA/Dt = η∇
The helicity density is given by 17) and it is evident from (2.12) and (2.16) that, when η = 0,
i.e. H/ρ is a Lagrangian invariant. Thus, a fortiori, the 'global' helicity per unit area of the (y, z) plane, given by †
is invariant when η = 0. When η = 0, standard manipulations give
The vector potential A is of course generally not unique: under the gauge transformation A → A * = A + ∇φ, the helicity density becomes H * (x, t) = H + B · ∇φ. If we insist that A as well as B be one-dimensional, then ∇φ = (∂ψ/∂x, c 1 , c 2 ), where ψ(x, t) is arbitrary and c 1 and c 2 are at most functions of time. Hence
Here c 1 and c 2 , with dimensions of magnetic flux, are actually fluxes that may be imposed (in the z and y directions, respectively!) external to the slab |x| < πL in which the plasma is located. We shall suppose that these external fluxes are zero for all t, i.e. c 1 = c 2 = 0. They cannot therefore contribute to gauge transformation. With this understanding, the helicity density, like the total helicity, is in fact gauge-invariant. It will be convenient to use non-dimensional variables. Defininĝ
0 L/µ), (2.22a−e) equations (2.11) and (2.8) become (dropping the hats)
∂x 2 , (2.24a,b) where the dimensionless parameters and κ (both assumed small) are given by
Here, is like a Reynolds number based on the velocity scale B 2 0 L/µ, and is small by virtue of the smallness of ρ 0 ; and κ is small by virtue of the smallness of η. For this combination of reasons, we must suppose that the magnetic Prandtl number µ/ρ 0 η = ( κ) −1 is large, not unreasonable in a very low-density, high-conductivity plasma.
Two-stage process
We may ensure that the initial helicity is non-zero by adopting initial conditions of the form
The coefficients β and γ are arbitrary; the only important thing is that they are unequal, and, for the sake of illustration, we shall adopt values β = 2, γ = 3. The variable wavenumber m(x) must be chosen in such a way that the conditions b y0 (±π) = b z0 (±π) = 0 are satisfied. A simple choice is
where k is constant. The field (3.1) provides an initial non-uniform magnetic pressure distribution,
It is the gradient of this magnetic pressure that drives the subsequent flow. Note that p M0 (x) nowhere vanishes, i.e. there are no null points of B. In this respect, the situation differs from that considered by Bajer & Moffatt (2013) , wherein the null points played a crucial role.
, and, with the further initial conditions (3.4a,b) and boundary conditions
these symmetries are respected for t > 0, as are the symmetries
With the choice k = 0.1 (again arbitrary), the initial field components b y0 (x) and b z0 (x) are as shown in figure 1. The corresponding fluxes are then (3.7a,b) and these values are conserved. Adopting the suitably small parameter values = 0.001 and κ = 0.001, (2.23) and (2.24) may be integrated numerically †
. Figure 2 shows the manner in which the initial magnetic energy distribution M(x, t) (= p M (x, t)) relaxes to a near-uniform (i.e. nearly force-free) state. Figure 2 (a) shows that, by time t = 1, the energy density (and so the magnetic pressure) is nearly uniform in x, and remains so for later times. It does not however become exactly uniform, as indicated by figure 2(b), which shows M(x, 50) expanded in the vertical by a factor of about 100. Figure 3 shows the relatively rapid initial decay of the mean magnetic energy M(t) up to about t = 0.2 (with M(0) = 3.396), and the subsequent relatively slow FIGURE 1. Initial field components in the interval (−π, π), defined by (3.1) and (3.2), with k = 0.1. FIGURE 3. Relaxation of the mean magnetic energy M(t) for 0 < t < 1; M(0) = 3.396. Note the initial rapid relaxation followed by relatively slow decay for t 0.2.
decay driven by magnetic resistivity (which forces a continuing weak x dependence of magnetic energy density and pressure). As previously noted, the lines of force are rectilinear and lie in planes x = const. At time t, as x increases from −π to π, the line of force through the point (x, 0, 0) sweeps out a ruled surface S[t] with parametric representation [x, sb y (x, t), sb z (x, t)]. This surface is shown in figure 4 for the range {−π < x < π, −1 < s < 1} at the initial FIGURE 5. (a) Helicity density H(x, t) at times t = 0 (solid), 0.5 (dashed) and 10 (dotted). (b) Mean helicity H(t) (= H V (t)/2π) for 0 < t < 1; H(0) = 2.367. The ordinate runs from 0.95 to 1.005, as in figure 3. There is a redistribution of helicity density but mean helicity is almost constant.
instant t = 0 and at time t = 50 when the field is well relaxed; the helical character of the field structure is very evident from this representation. Our interest is primarily focused on the behaviour of the helicity during the relaxation process. The helicity density is shown in figure 5(a) for times t = 0, 0.5 and 10. Up to about time t = 0.5, there is merely a redistribution of lines of force, with conservation of mean helicity H(t) = H V (t)/2π (actually about a 1 % decrease due to diffusive decay). For greater values of t, this diffusive decay continues (figure 5b), with no sign of any change of behaviour as t increases through values O(1). This is entirely consistent with conservation of global helicity in the non-diffusive limit κ = 0. However, the non-uniformity of H(x, t) remains marked throughout, as expected given that, as shown above, H(x, t)/ρ is a Lagrangian invariant when κ = 0. The contrasting behaviour of M(t)/M(0) (figure 3) and H(t)/H(0) (figure 5b) is to be noted.
We may view this differently in terms of an α-effect. After the early stage of relaxation when the magnetic pressure has become approximately uniform, the field is nearly force-free, so that at leading order j = α(x, t)B, i.e.
. The x dependence of j y /b y (solid) and j z /b z (dashed) at times t = 0, 0.1 and 1. (The vertical segments on these curves appear at points where the ratios are not well defined other than by continuity.) By time t = 1, the two curves are almost indistinguishable, as implied by (3.8).
(a) (b) FIGURE 7. Kinetic energy K(t) in (3.9): (a) for 0 < t < 0.5, K(t) rises rapidly from zero to a maximum of 0.393 at t = 0.004, and then decays monotonically; (b) for 0 < t < 0.01, showing the initial rise on an O( ) time scale. Figure 6 shows curves for j y /b y and j z /b z for t = 0, 0.1 and 1. There is indeed a convergence of the two curves as t increases, and by time t = 1 they are almost indistinguishable. From this point on, the single curve evidently gives an excellent approximation for the function α(x, t). This is obviously non-uniform in x, providing a clear signal that the Taylor state (1.1) is not attained, and therefore that global helicity is certainly not the only relevant invariant during the initial rapid relaxation process. During this initial phase, there is a transfer of energy from the magnetic field to the velocity field, i.e. to kinetic energy K(t) defined by
Figure 7(a) shows this kinetic energy for 0 < t < 0.5. It rises initially very rapidly to a maximum, u being subsequently determined in quasi-static manner. The kinetic energy K(t) falls to a low value (K 10 −3
for t > 0.5), a further indication of the nearly force-free state. Figure 7 (b) shows K(t) for 0 < t < 0.01, showing how this kinetic energy grows initially on an O( ) time scale.
We may note that, if = 0, then the development is truly quasi-static as far as the velocity is concerned. In this situation, a single integration of (2.23) using the boundary conditions (3.5) gives 
which may be evaluated numerically using (3.3). The result is K(0) = 0.416, marginally greater than the maximum of K(t) shown in figure 7 (actually, with = 0.001, K max (t) = 0.393 at t = 0.004). This is consistent with the establishment of quasi-static evolution in a time t = O( ).
Note that if we return to dimensional variables via (2.22), the dimensional magnetic and kinetic energies are 13) and this ratio is certainly small. Nevertheless, the initial drop in M(t) evident in figure 2(c) is due to conversion M(t) → K(t) and immediate dissipation by viscosity. Finally, we may consider the evolution of the density field ρ(x, t), bearing in mind that, in the zero-resistivity limit (κ = 0), b y /ρ and b z /ρ are both Lagrangian invariants so that evolution of b y and b z is necessarily accompanied by corresponding evolution of ρ. This correspondence is of course broken when κ = 0. Figure 8 shows the density field at times t = 0, 1 and 50. During the early relaxation phase, the density field, initially uniform, is significantly perturbed, as expected. The evolution continues during the subsequent slow diffusive phase, due to the cumulative effect of the non-vanishing velocity field (as similarly found by Bajer & Moffatt (2013) ), and persistent convergence towards the four minima of magnetic pressure (see figure 2a ) causes these maxima of density to become increasingly pronounced while the magnetic field slowly decays.
In a fully three-dimensional situation, B and ρ are still strongly coupled in the non-diffusive limit through the equation D(B/ρ)/Dt = (B/ρ) · ∇u, so a similar development of density variations is to be expected, although perhaps not with such strong peaks. Previous computations have mainly focused on the evolution of the magnetic field, ignoring the associated evolution of the density field that must clearly be significant in any low-β plasma. 
Here, ∂u/∂x is now given by the quasi-static relation (3.10), and it is the first term on the right that is responsible for keeping b 2 approximately uniform. (Note that b 2 would not remain uniform under purely diffusive decay, without the all-important smoothing effect of magnetic pressure.) Here, using j = α(x, t)B, the diffusive term becomes, at leading order,
Now, we may average (4.1) over the range (−π, π) using u(±π, t) = 0, giving, again at leading order using the approximate uniformity of b 
is shown in figure 9 . It varies by only ±1 % from the value 5.7 over the (diffusive) range t d < t < 30, so that (4.3) indicates mild exponential decrease of energy over this range:
The decay of mean helicity H(t) (= (2π) −1 H V (t)) may be calculated to the same modest degree of accuracy. We have . The function α is also shown in figure 9 ; it is remarkably constant near the value 1.98, over the whole range 0 < t < 30.
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Adopting this value, and noting that H(t) must tend to zero as t → ∞, (4.5) integrates to give
at least for t d t 30. What is important here is that both energy and helicity decrease at the same rate, the characteristic decay time for both being t d ∼ (2κ α 2 ) −1 . Clearly, the ratio H(t)/ b 2 remains constant throughout the diffusive stage. We note however that this behaviour cannot continue for ever, since ultimately b y (x, t) must decay to zero, whereas b z (x, t) must level off at the level Φ z /2π ≈ 0.5491 determined by the conserved flux. This levelling off occurs when M(t) has fallen to such a low level that the nonlinear convection terms of (2.24) become negligible compared with the diffusion terms. For the parameter values chosen here, this occurs when t ∼ 250, well beyond the range shown in figures 3 and 5(b). For t 250, the field gradient is so weak that the continuing decay is due to ohmic diffusion alone.
Lagrangian invariance of α
The near-constancy of α evident in figure 9 contrasts with the behaviour of α 2 and calls for explanation. First, whether the force-free equation j = α(x, t)b is satisfied or not, we may define α(x, t) (a measure of the rate of rotation of the field vector with increasing x, as shown in figure 4 ) by the equation
Then we have the following theorem.
THEOREM. If b = (0, b y (x, t), b z (x, t)) and u = (u(x, t), 0, 0) with u(±π, t) = 0, and if {b(x, 0), u(x, 0), ρ(x, 0)} are arbitrary C 2 fields subject only to u(±π, 0) = 0, then
is an invariant of the zero-resistivity equations
where the angular brackets represent an average over the range (−π, π).
Proof. Writing α in the form
and using the standard Lagrangian results (D/Dt)(b/ρ) = 0 and (D/Dt)(ρ dx) = 0, we have immediately that
Now from (5.2), we may readily derive the equations
Hence we have D Dt is a Lagrangian invariant, so the integral (5.3) is in fact constant if taken over any Lagrangian (co-moving) subinterval of (π, π).)
6. An example with concentrated initial field near the boundaries
We now briefly consider what happens if the initial field is more concentrated near the boundaries x = ±π. We adopt initial conditions (again somewhat arbitrarily)
These field components are shown in figure 10(a) . Again, in this case, by symmetry Φ y = 0, and the conserved flux in the z direction is Φ z = 9.0881. The initial magnetic pressure distribution is shown by the solid curve of figure 10(b). Note how this distribution is quite concentrated near the boundaries; there are two minima at x = ±1.5, and a very flat weak maximum (not visible in this plot) at x = 0. The pressure maxima near the boundaries push in towards the centre, as evidenced by the dashed curve (for time t = 0.01). By time t = 0.2 (dotted curve), the magnetic pressure is close to its ultimate uniform value (indicated by the thin red line). Figure 10 (c,d) shows the ruled surface representation of the field; just as in figure 4 , the field lines are the intersections of these surfaces with planes x = const. Figure 10 (e,f ) shows the density and helicity fields at times t = 0 (solid), t = 0.2 (dashed) and t = 3 (dotted). Peaks of density form near x = ±0.4, and there is also a build-up of density at the boundaries due to the local magnetic pressure gradient. As regards the helicity density, there is a corresponding redistribution (as implied by (2.18)), but it remains distinctly non-uniform after the initial relaxation is complete. This initial relaxation is evident in the lower curve of figure 10(g), which shows that the mean magnetic energy has in fact relaxed by time t ≈ 0.2. Here, M(0) = 11.943 and we may note that the asymptotic mean magnetic energy as t → ∞ is M(∞) = 1.0461, so that M(∞)/M(0) = 0.0876. The upper curve of figure 10(g) indicates the very nearly constant value of mean helicity right through the initial relaxation phase and well beyond. This behaviour is much the same as found in the previous sections (figures 3 and 5b). . This curvature actually has † By strange accident, for the initial conditions (6.1), it happens that, at time t = 0, α is extremely close to zero, perhaps exactly zero, though this is difficult to prove. a maximum value of approximately 496 at x = π, so that diffusion is immediately (and permanently) significant in this neighbourhood, and similarly near x = −π.
All in all, although the initial condition (6.1) is very different in this example from that in § 3 (3.1), the gross features of the behaviour are very similar: magnetic pressure drives a flow that tends to make this pressure uniform, thus establishing a nearly force-free state, energy being dissipated indirectly by viscosity; helicity density is redistributed, the mean helicity being approximately constant; and density peaks develop near minima of magnetic pressure, a process that persists during the slow diffusive stage.
Discussion
We have presented a one-dimensional model of magnetic relaxation having the following properties:
(i) The initial two-component magnetic field has non-zero helicity, and is not forcefree, i.e. j × B = 0 at time t = 0. (ii) The plasma pressure is assumed negligible compared with the magnetic pressure, and flow is driven by the gradient of this magnetic pressure. (iii) The flow is governed by the Navier-Stokes equation with effective viscosity µ.
The plasma is initially at rest, with uniform density. (What is important here is that some mechanism that dissipates kinetic energy without compromising the 'frozen-in' character of the magnetic field during the initial relaxation phase should be operative; Newtonian viscosity is the simplest such mechanism.) (iv) When non-dimensionalised, the system involves two dimensionless parameters,
, both assumed small. If = 0, the response of the plasma to the magnetic field is quasi-static. (v) The relaxation proceeds in two stages: an initial relatively rapid stage in which approximate uniformity of magnetic pressure is established; and a subsequent slow-diffusion stage. (vi) During the initial stage, magnetic energy decreases, and total magnetic helicity is relatively constant; however, the helicity density, although redistributed, remains strongly non-uniform. The current j becomes nearly aligned with B, i.e. j ≈ α(x, t)B, but α also remains strongly non-uniform, i.e. a 'Taylor state' is not established. This is essentially because H/ρ is a Lagrangian invariant, a constraint on the relaxation process. (vii) During the subsequent diffusive stage, quasi-static conditions persist, with magnetic pressure remaining approximately (but never exactly) uniform. Magnetic energy and helicity both decay exponentially with the same decay rate proportional to κ α 2 . (viii) A non-uniform density field develops, initially in step with the relaxing magnetic field. This field continues to develop during the diffusive stage, with maxima becoming more pronounced near to the (slowly moving) minima of magnetic energy, as a result of cumulative transport by the velocity field.
As a by-product of the investigation, we have proved in § 5 that (b · ∇ × b)/b 2 is an invariant of the zero-resistivity one-dimensional induction equation governing the model.
The behaviour has interesting points of comparison with the fully three-dimensional relaxation situation studied by Smiet et al. (2015) : in particular, the two-stage character of the relaxation process, and the fact that a Taylor state does not emerge from it. The one-dimensional model presented here is of course computationally far more economical, and the details are easier to visualise. However, in three dimensions, magnetic tension (hoop stress) as well as magnetic pressure drives the flow. Moreover, an initially chaotic magnetic field has no magnetic surfaces and only one helicity invariant for each chaotic subdomain. For these reasons, the details of the evolution are inevitably very different in this much more complex situation.
For the sake of illustration, we have adopted particular values of the parameters and κ. The choice is to some extent arbitrary, but it seems likely that the above conclusions are reasonably robust provided only that these parameters are both small. Adaptation to a cylindrical or toroidal domain, for which magnetic tension as well as magnetic pressure gradient must play a part, should be reasonably straightforward. This will be the subject of a future communication.
